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Abstract 
Until now , many writers who have referred to the dynamic Leontief model 
agree that the forward dynamic Leontief model tends to show instability and the 
backward-lag-type dynamic model shows stability in tests using empirical data. 
This paper wi1 give a consistent and comprehensive proof for necessary and 
sufficient conditions for the stability of the forward and the backward dynamic 
model in the case of singularity of the capital coefficient matrix. Furthermore , it 
shows that we get quite contrary results for the two models when applying the 
actual input-output table of J apan for 1985 , which is the most reliable current 
data for Japan. The characteristic equations of both models have , on the whole , 
reasonable eigen values , which assure the stability of the Japanese economy for a 
forward model , but cause the instabi1ity of it for a backward model. 
Moreover , it is shown that , in solving Leontief's dynamic inverse , the boundｭ
ary condition X(T+1) =0 , (the amount of production of the endpoint of the 
planning horizon is equal to zero) , is inadequate. We should suppose X ( T +1)= 
X ( T) as a boundary condition instead. This is a usual and more suitable 
assumption for solving the difference equation. 
1 Introduction 
The main purpose of this paper is to put the theoretical problems of dynamic input-outｭ
put analysis in order and to prove its validity using actual data. Such an approach can 
not c1aim to be original in nature. However , most of the studies on this subject , 
inc1uding the elaborate collaborative study by Tsukui and others [13J and Solow's pioｭ
neering work [8J , have assumed non-singularity of the fixed capital coefficient matrix , 
which is described as a ‘terrible' assumption by Solow himself. Although he said no funda-
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mental problem would be caused by the introduction of singularity , no one has succeeded 
theoretically and empirically in proving his claim. In particular , the first study aspired to 
test the tum pike path of ] apan using the actual input-output -table for 1965. However , 
the assumption of non-singularity made the empirical test of the theory insufficient and 
unconvincing in spite of its then pioneering role. 
Above all , their studies did not make use of today's detailed and comprehensive inputｭ
output tables because of the assumption of non-singularity. Based on my own calculations 
using the input-output table of ]apan for 1985 , the announced sums of fixed capital forｭ
mation in some sectors exhibited small differences. Although the size of these differences 
is not large enough to affect the magnitude of the characteristic root shown in this article , 
it is nonetheless important to point out the existence of this discrepancy when comparing 
total sums. 
2 Dynamic Model 
In solving the dynamic Leontief model represented by the following equation (1), it is 
assumed , at first , that the inverse of the capital coefficient matrix exists , and later the 
case of a singular capital coefficient matrix is examined. Let X(t) be an n-dimensional 
vector of output levels in period t and A an n by n input coefficient matrix. 
Our model is defined as follows: 
(1) X(の =AX(の +B[X(t+ l)-X(t)] 
where anηby n matrix , B acts as the marginal fixed capital coefficient matrix. This is 
defined as the value of the total amount of fixed capital formation in each sector divided 
by the amount of the increase in production in each sector , using my calculations of the 
average annual rate of growth for tha past ten years. Furthermore , 1 have neglected the 
inventory figures and the depreciation expenses , because we could not obtain reliable 
data for each sector. In this sense , B is the gro部 marginal capital coefficient matrix and 
A is the input coefficient matrix. For the sake of convenience , A and B are assumed to 
be constant in this paper. To begin with , if we assume , in the ordinary way , that the 
inverse matrix B-l exists , then , because [(1_A)-lBJ-l 二B-l(1-A) , the difference equaｭ
tion can be easily solved. 
Transposing the first term of the righthand side of equation (1) to the lefthand side , 
and multiplying both sides by the inverse of matrix (1-A) , 
(2) X(t)=(I-At'BX(t+ l) -(I-At'BX(の
will be obtained , where 1 isa unit matrix of rank n. From this equation it is obvious that 
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(3) X(t+l)=[{(I-A)一 lBr 1 +I] X(の
because (1-A )一lBX (t+1) = [1+ (1-A) -lB] X(t) • 
When the inverse matrix of B exists , the characteristic equation of this difference equaｭ
tion is as follows: 
(4) は1-[1+ {σ-A)一lBrl=O
and thus , 
(5) 1()'-I)I-[(I-A)"lB]-ll=O. 
Since the characteristic roots of the inverse matrix are the reciprocal of those of the 
original matrix , this reciprocal is then equal to the Frobenius root ρ1 ， which is the largest 
positive root , of the matrix (1-A) 一 1B. Therefore , asλ-1=1/ρ1 
(6) え=1 + 1 /ρ! ・
However , with regard to the fixed capital coefficient matrix B , at least al elements of 
one of its row vectors become zero so long as we do not integrate it to a degree large 
enough to eliminate that case. As there is no fixed capital provision to other sectors in , 
for example , the heat and gas supplies sector or in the public and private service sectors , 
it must be assumed that B is a singular matrix. In this case , we should solve the problem 
as follows. By transforming equation (1) into 
(7) (I-A +B)X(t)=BX(t+ 1) 
we can solve this equation as the generalized eigen value problem. 
The generalized eigen value problem is the problem of seeking the value λand the 
vector u which satisty the following equation; 
(8) Du =ﾀ.Gu. 
In solving the following equation; 
(9) (D-1G-ﾀl)u=O 
when IDI is not equal to 0 , the characteristic value of the original problem is the reciproｭ
cal 
(10)μ= 1/ ), 
Using the lag operator L , equation (7) becomes 
(11) BLX(t) -(1-A + B)X (t) = 0 
or 
(12) [BL-(I-A+B)] X(t)=O. 
Then if we let X(t) =kλ t ， where k and λare taken as vectors , 
(3) [ÀB ー (I-A+B)] kﾀ.1=O 
because Lkλ t= λ (kλ t) . In the same way , this equation can be regarded as the above 
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generalized eigen value problem. Therefore the characteristic equation of the above prob-
lem is; 
(14) I(I-A +Bt'B-，μ11=0. 
3 The Leontief Model as an Inhomogeneous Equation Model 
3.1 Forward dynamic model 
3.1.1 Theoretical reformulation 
1 wi1 reformulate here the problem to be solved in the following inhomogeneous differｭ
(1) 
ence equation. The equation is the same as equation (1) except for the last term Y(t) , 
(5) BX(t+ 1) = (1 -A +B)X(t) ー Y(t)，
where an n-dimentional vector of output levels in period t , Y(t) denotes final demand 
exc1uding the amount of fixed capital formation. 
The method of solving equation (15) is as follows. Assuming the existence of the in-
( 2 ) 
verse matrix B , Y.Kaneko proved his thesis , although he wanted to prove it with 
the a部umption of singularity of the matrix itself. Since the proof for the case of non-sinｭ
gularity must be a lite different from that of the Case of singularity , it is necessary to 
give the co汀ect proof. 
In the following procedure the same notation as Leontief adopted in his paper [2J wi1 
be used; 
RX(t+ 1)=X(t)-C-1 Y(t), 
where C= (I-A+B); R=C-1B. Given the initial condition X(O) , and the series of final 
demands , Y(O) , …, Y (t-l) , the following relations are self-evident: 
RX(1)=X(0)-C-1 Y(O) 
RX(2)=X(1)-C-1 Y (1), 
the recursive solution for this difference equation is , 
R2X(2)=X(0)-C-1 Y(0)-RC-1 Y(l). 
In exactly the Same way we obtain the following; 
R T叶X(T+ l)=X(O) 一 [C- 1 Y(O) + RC-1 Y(1) +…+RTC- 1 Y(η] . (31 
In this case we should solve the difference equation backward from time T assuming 
( 1) See p .18 of Leontief [2] 
( 2 ) Y. Kaneko [12] , p. 55. Although his proof is based on the paper of U . Meyar [4] , he can 
claim originality in taking a quite different approach to his proof. But contrary to his 
intentions , he assumed non-singularity in the process of his proof. 
( 3 ) This equation is the same equation as described in Leontief [1] , pp .18-19. 
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X(T十 1)= X (T) , which is a familiar boundary condition in solving difference 
equation systems , but quite different from Leontief's solution. After he derived the ‘exact' 
solution for this system , subsequent researchers of this matter followed him without 
( 4 ) 
question. However , in this case , since the convergence of R t to the null matrix requires 
a very long time horizon in the case where the absolute value of the largest eigen value is 
not much smaller than 1 , we can not neglect the term RT+1X(T+1). If we assume that 
(5 ) 
the amount of final demand decreases at a constant rate of g form the terminal period , in 
other words , Y ( T -1) 二 (1-g) Y( T) , the solution of the above equation will be obtained 
as follows; 
(16) R 7 川X(T+ 1)=X(O) 一 |I+-Eー+l~. (1-g) 
+IL一|σ ， Y(T) (l-gr. 
(1-g) J 
Here , if the absolute value of the dominant characteristic root of R is smaller than (1-
(6 ) 
g) , then we can obtain the following particular solution: 
(1 7) 苅=[1-古Rrげ(t) 日)
Using the original notation we can rewrite (17) as follows: 
支所=[1-古川
Then it is necessary for the practically meaningful solution that 
(18) [1-占(日+Bt'Br (I-A+Bt'>0 
this indicates that the lefthand side matrix is positive whenever (J -A + B) -1 is positive. 
Therefore , if this condition holds , both the product of the Frobenius root of (J -A + 
B) 一1B(say μ) ， if it exists , and 1/ (1 -g) must be less that 1. 
The necessary condition for this matrix to be positive is , 1/μ >l/(l-g) ， or l-g>μ. 
In other words 1/ (1 +λ)>μmust hold (see footnote 4). This condition is exactly the 
(4) Although Miller and Blair [6J introduced another terminal condition , they did not get 
through to find the final solution as in this paper. 
( 5) From this definition we should recognize the difference between this rate and the rate of 
growth (λ) ， where λ =g/ (l-g) . This rate is nothing other than the growth rate of a bal. 
anced growth path. 
( 6 ) Ifwe take time to be sufficiently large , then we could obtain asymptotically the sum of 
the series in the brackets [ J asin equation (17) , when the above condition holds. 
-5-
T. Okawa 
same condition as 出e nece岱arycondition for the convergence of the series in the brackets 
of equation (17) described earlier. 
In order to derive the particular solution above , an infinte time horizon is assumed. 
This is a suitable procedure considering the stability of the path , but for actual calculaｭ
tion of the economic growth path , a finite time horizon should be taken into account. For 
白at purpose , it is not reasonable to a部ume 白at the final term of RT+lX(T+ 1)=0 , 
which is the terminal condition Leontief adopted. Since continued production is nece田ary
even after the end of the planning period , it is appropriate to assume the maintenance of 
at least the same level of production after time T , as in the usual method of solution. 
This is 出e reason why should a路ume X(T+ 1)=X(T) at the end of planning period. 
This means G-1 Y (T) = (1-R) X (T) holds as a valid terminal condition. Therefore we 
should solve the following dynamic equation system , which differs from Leontief's forｭ
mulation in the last element of the coefficient matrix: 
I -R 。 。 X(O) G-1 Y(O) 
。 I -R 。 X(l) G-1 Y(l) 
。 。 I 。 X(2) 一 G-1 Y(2) 
。 。 (I-R) X(の G-1 Y(。
(7) 
Here 1 am proposing an altemative element 1-R for 1 inLeontief's model. 
Next , multiplying both sides of the above equation by the inverse of the coefficient 





G-1 RG-1 R2G-1 
o G-1 RG-1 
o 0 G-1 
o 0 G-1 
R' (I-R)ー lG- 1 Y(O) 
R'-I(J_R)-IG-1 1 Y(l) 
R'-Z(I_R)-IG-1 1 Y(2) 
(I-R)ー 1G-1 J L Y(の
where it must be pointed out 出at the last term of the last column vector in the coefficient 
matrix of 出is solution , (1-R) -1 G-1 is equal to (1-A ) -1. This corresponds to 出e staｭ
tionary state of the system at the end period , and is a natural consequence of our boundｭ
ary condition. Owing mainly to this condition , the above solution will behave much better 
than 出at of Leontief and of his follewers as will be later clarified. 
1 will refer later to the real implications of this system using the actual data from the 
( 7) See Leontief [2J , p .19. 
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J apanese input-output rable for 1985. 
3.1.2 Turnpike path and the rate of growth 
The terminal condition , X ( T +1)= X (T) was shown to be a reasonable assumption in 
the previous section. However , this supposition should be regarded as a static one , 
because it assumes a stationary state in post-planning period. After the end of planning 
period , the economy will continue to grow or to decline as it is a living organization. 
From this point of view , it is more suitable to assume that al industries expand at the 
(8 ) 
uniform rates of growth ， λs. Then , the terminal condition X (T + 1)= (1+λ) X(T) will 
hold in this case. These rates ， λs ， willlead to the balanced growth paths of economy. If 
the largest eigen value for the aforementioned matrix R is assigned to the uniform rate , it 
is called a turn pike growth rate. From equation (15) , we obtain the following condition; 
σ-(l+À)R)X(T)=C-' Y. 
Then , the last column vector of the above mentioned inverse matrix , 
[R' (1-R)一 'C-' , … , R(1-Rt'C-' , (I-Rt'C-'] 
will be replaced with the following vector; 
[R'(1ー (1 +À)R)• C-' ， … ， R(1- (l+ え)R)ー 'C-' ， (1一 (1 +え)Rt'C-']. 
N ow , the turn pike path or the balanced growth path of an economy can be easily 
depicted. We will later show the actual turn pike path using the input-output table of 
Japan for 1985. 
3.1.3 Some examples with hypothetical data 
In regard to the actual data of matrix (18) , the characterstic root of matrix R must be 
smaller than 1 , if the economy in question is to be stable. As will be shown , the 
Frobenius root , or the largest positive characteristic root of , this matrix , (of which , as 
will be shown , the elements are not always positive) using the J apanese input-output table 
for 1985 is less than 1. If we assume the system (1) , these results for the 1985 table do not 
confirm the assertion regarding the instability of the J apanese economy made in the 
empirical study by Tokoyama and Murakami (9) (p.408). It should be noted , however , 
that this study used the input-output table for 1965. 
( 8) Carter [lJ (see p. 581) stated that there exists only one uniform rate of growth. How. 
ever , as is easily seen , we have many uniform rates of growth depending on the uniform 
growth rates of final demand , although the ful capacity utilization of al sectors is not 
necessarily realized when these rates are lower than the maximum growth rate. 
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If it is to be concluded that the economy is unstable beyond a doubt , it must be shown 
出at the absolute value of the largest characteristic root of R exceeds 1. In the following 
section 1 will show that the eigen value for the 1985 table of J apan is smaller than 1 and 
that it must be stable for the forward model. 
N ow , let us present the following finite computational examples with hypothetical data 
for an input coefficient matrix integrated into 3-sectors , which correspond to the priｭ
mary , secondary and tertiary industries. These data are roughly analogous to the 
Japanese economy of 1985 except for the capital coefficient matrix. 
As a set of hypothetical data , the following figures for the input coefficients will be 
used: 
ra" a12 a ,3 1 rO.36 0.03 0.011 
A = 1 a" a" a." 1 ー 1 0.24 0.54 0 ・41I U, 21 u, n ""'23I - I V 白吐 V. oJτ v.~..... 1. 
La31 a32 a33J LO.12 0.17 0.23J 
As for the capital coefficient matrix , we will use three extreme cases. The first is the 
matrix in which al elements are greater than one. The second is the matrix in which al 
elements are less than one. The third is the singular matrix with an eigen value greater 
than one. We a田ume the initial values of final demand are 100 , and grow , for the time 
being , at a fixed rate of 0.05 per period in al sectors. In this experiment , 1 found that 
the capital coefficient matrix played a more crucial role in determining the largest eigen 
value of the matrix R (= G-1 B) than 1 had expected. 
To begin with , for the capital coefficient matrices , the following figures are assumed; 
寸 ;:l r 0.5 0.2 0.11 B(2)= 1 0.2 0.8 0.51 lO.1 0.1 0.2 J r 1.0 1.0 1.01 B(3)= 11.9 1.0 1.01 , l1.0 1.0 l.0 J 
from these hypothetical data (note that the coefficient matrix B(3) is singular) we can easｭ
ily compute three matrices for each case: 
r 0.80058 -0.01604 
R (1) = 1 0.12483 0.92473 
























r -0.42324 0.34880 0.34880 1 
R (3) = 1 1.83183 0.07973 0.079731 
l-0.08360 0.35417 0.35417 J 
For each set of data , we can obtain the largest positive cigen value and the correspondｭ
ing eigen vector by the power method. 
-8-
The Dynamic Leontief Model Reconsidered 
case 1 
eigen value o. 96422 
etgen vector 0.41279 1. 00000 0.43490 
case 2 
eigen value O. 74334 
e'gen vector O. 24489 1. 00000 O. 34578 
case 3 
eigen value 1. 10119 
e'gen vector 0.33366 1. 00000 O. 50460 
Although the matrix R is not always positive as in case 1 and in case 3，出e eigen 
vectors have no negative elements in these cases. The second case corresponds to 出e
Frobenius root. In this case , the upper limit of economic growth is 34% (=1/0.7433-1) , 
which implies 出at ， regardless of the initial values assumed , the growth path converges to 
the balanced growth path very rapidly. It continues on this path until the 35th period 
(here the planning horizon is assumed to be 45 periods) , and then gradually returns to the 
original growth path (see figure 1) . 
Secondly , 1 conducted the same experiment as Leontief did in his paper , and found 出at
the system behaved quite differently when an additional 10 units of final demand for the 
primary sector in period T are provided (see figure 2). Fig. 2-a shows the fact 出at an 
economy with a highly capital intensive sector or sectors is not able to keep up with the 
increase in demand without the existence of adequate idle capital stock , because , as can 
be seen from the figure , it takes much longer periods to converge to the level of zero 
(9 ) 
increase in production in such a sector. 
3.2 Backward dynamic model 
Employing a singular capital coefficient matrix , 1 will examine the stability condition of 
what Tokoyama and Murakami refeπed to as the backward-lag-type dynamic Leontief 
(10) 
model. 
The backward-lag-type dynamic Leontief model is quite familiar. In fact , 
(9) All of our calculations were conducted by using the C-Language programmed by myself 
and tested by PC and the NEXT work station. The entire computation required only a few 
seconds on the NEXT for the 20 sectors and 45 planning periods. 
(10) See e.g. Tokoyama and Murakami [9J and Kaneko [12J. 
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(9) X(t) =AX(t) +B{X(の-X (t-1)} + Y(t) 
(11) 
is what is called , a backward-lag-type dynamic Leontief model. 1 will solve this model in 
the same manner as in the previous section. In order to solve this model , 1 will transform 
equation (19) as follows: 
(20) [I-A-B]X(t)=-BX(t-1)+Y(の.
For simplification , the following notation will be used: 
H=-[I-A -Br'B 
M=[I-A-B]-1 
Not that H二 -MB by this notation. Then equation (20) can be rewritten simply as 
X(t)=HX(t-l)+MY(t). 
The solution of this equation will be derived as follows. 
Given the initial conditions X(O) and Y(O) (say X(O) =MY(O)) , we can get the ‘exact' 
solution for this system in the same way as in the forward model: 
or 
X(t)=H'X(O)+H卜 lMY(1)+Hト'MY(2) + … +HMY(t-1)+MY(の
X(の =H'[X(O)-MY(O)]+H'MY(O)+H'-IMY(1) + 
…+HMY(t-1)+MY(t). 
Exactly in the same way as in the forward model , we can derive the following sysem: 
I 。 。 。 。 X(O) MY(O) 
-H I 。 。 。 X(1) MY(l) 
。 -H 1 。 。 X(2) = MY(2) 
。
。 。 。 . -H 1 X(t) MY(t) 
The solution of this system is derived as follows: 
X(O) I 。 。 。 MY(O) 
X(l) H I 。 。 MY(l) 
X(2) 一 H2 H I 。 MY(2) 
X(t) H' H'-1 H' • 2 I MY(の
If we assume Y(t) = (1+λ) Y(t-1) , where λis the annual rate of growth , we have 
Y(の =(l+À)'Y(O).
We can then obtain the following relations , 
(1) See Tokoyama and Murakami [4J , p. 409. N ote , however , that they presented their 
model as a simple homogeneous difference equation model. 
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X(t)=H'MY(O) +H'-'M(l +ﾀ) Y(O)+H卜 'M(l + え)2Y(O) 
+… +HM(l +ﾀ)'-' Y(O)+M(1 + え)'Y(O). 
This general expression reduces to the equation , 
れt)= [{市}'+{市)ト'+{市r2 + 叶M(1川(0)
If the absolute value of the dominant characteristic root of H is smaller than (1 +λ) , 
the series in brackets in the above equation approaches [I -H / (1 十 λ)] -1 as t→∞. Then 
this equation is written simply as follows: 
ω X(t)= {I一市町(0) (1叫
From equation (21) , the final form of the particular solution vector will be derived as 
follows: 
r_ ﾀ._ ,,_, _1 
(22) X (t) = 1/一一~(/-At'BI (/-A)一'(1 +え)'Y(O). l- 1 + ﾀ ,- --, -J 
Proof for this expression is as follows: 
[/-1/ (1 +え)H] -, M = [/+ 1 / (1 + ﾀ)(/ -A -Bt' Bj-' (/ -A -B)• 
= [(/-A -B) {/ + 1 / (1 + À)σ-A-B)一 'Blj ー l
= [/ -ﾀ / (1+ ﾀ) (/ -At' Bj-' σ-A)ー
Then , as (1-A ) 一 1 is non-negative , the first term on the right hand side of (22) should 
be non-negative , whenever the output X(t) is positive. This means that , according to 
Frobenius' theorem ， λ/(1 +λ) must be smaller than the reciprocal of the Frobenius root , 
μ ， of [(1-A) 一 1B J.Therefore , the follwoing inequality should hold , 
1 ﾀ 
一一μ- 1 +λ' 
which means that 
In the following section we will investigate the actual meaning of this thesis in regard to 
the J apanese economy. 
4 On The Dynamic Property of The Input-Output Table for Japan 
Now let us compute the characteristic root of the matrix described above using the 
J apanese input-output table for 1985. As 1 have pointed out earlier , some differences 
between the total amount of capital formation in each sector announced in the 1985 input 
-11-
T. Okawa 
output table and the total amount of attached fixed capital formation in each sector were 
found to exist when 1 integrated the table into 20 sectors. Although this discrepancy (it 
amounts to only 40 , 435 million yen) should not affect the final result of the estimation of 
the characteristic root in this paper , 1 believe , nevertheless it must be clearly pointed out 
here. 
Tables 1-1 , 1-2 and 1-3 show this fact. Table 2 shows the total amount of fixed capital 
formation for each of 白e 20 sectors in 1985 , based on my own integration. Using these 
figures 出e gro部 capital coefficient matrix was estimated (table 3). With 出ese data 1 calｭ
culated the characteristic root (μ b=9.65744) of [(1-A)-lBJ and 出at (μf=0.90617) or 
[(1-A+B)-lBJ as well as the corresponding eigen vectors (tables 4-a and 4-b). 
Furthermore , since the eigen value of matrix His 2.51480 which means 出at 152% is 
出e necessary growth rate for the stability of 白e economy , the ] apanese economy in a 
backward model would expand , contract or oscillate depending on the values of 出e
charateristic roots. This might be an early symptom of the bubble expansion of the 
] apanese economy. 
We can now determine 血e upper limit of 出e potential growth rate (λ b) of final 
demand for ] apan in 1985. In fact , as it amounts to 0.11550… (=1/(λ b -1) ), the upper 
limit of ] apanese economic growth in 1985 was about 11.6% in the backward-lag-type 
model , assuming the economy to be stable. Since some elements of the eigen vector of H 
are negative and 世紀 eigen value is much larger than 1 +λ ， the ] apanese economy as a 
backward model is unstable. Furthertnore , the upper limit of the economic growth rate , 
(λf) ， was also about 10.35% (= 1/μf-1) in the forward model. Therefore , for any posiｭ
tive value of the growth rate less that 0.1035 , the ]apanese economy is stable. Furtherｭ
more , this upper limit is much lower than the value estimated by Kaneko (his estimate 
amounted to 18% [12J). However , since we cannot find the capital coefficient matrix he 
used in his estimation , it is not possible to confirm his assertion.). From my point of 
view in 1985 ] apan had already lapsed into a atage of lower growth. If出is is so，出e
upper limit of 18% is too high. In this sense , our results appear to be more plausible. 
1 also tested the assertion by Tsukui [10J for the ]apanese economy wi白出e same data 
(tables IVand V containing data for ]apan in 1955 [10J pp.182-183). Although his model 
is closed , and therefore has no inhomogeneous term using the non-singular matrix B , we 
can analyse it from the same point of view. In 仕由 case ， the calculated eigen values of H , 
R and (1-A)-lB are 1. 147491…, 0.886115 …and 7. 780448… (his estimate ofγ1 is 7.8186 
口oJ p .177). Though the corresponding eigen vectors have no negative elements at all , 
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the Japanese economy as a backward model was unstable , because the upper limit , of 
the growth rate was 0.14782… (the growth rate of the turn pike path) , which is a litle 
larger than 0.147491. The Japanese economy as a forward model was also unstable , 
because , if the economy followed the maximum growth path , the eigen value of R is 
larger than 1/1. 47482. However , if the economy followed the lower growth path , that is 
the path with the growth rate less than 0.1285…(= 1/0.886115…) , the balanced growth of 
the economy was attainable. 
Finally , applying the actual data of the J apanese input-output table for 1985 to the forｭ
ward dynamic model , the following figures are plotted for the case of a 2% increase in 
final demand in each sector (fig. 3) and for the case of an increase of 1 trillion yen at the 
end of planning period T , as in section 3.1.3 of this paper (fig. 4) . 
5 Concluding Remark 
Almost two decades have elapsed since the first testing and empirical demonstration of 
the dynamic Leontief model and the turn pike path for a particular country. It is clear 
that the validity of such a demonstration depends on the accuracy of the estimated capital 
coefficient matrix. It is , therefore , necessary to acquire the appropriate data in order to 
insure the accuracy of this estimation. Fairly reliable input-output tables are also curｭ
rently available in Asian countries (e. g. China released the input-output tables for 1981 
and for 1987). By presenting the effectiveness of this kind of analysis , we hope to 
persuade the authorities of al countries to estimate their fixed capital formation matriｭ
ces. However , in this type of analysis , the difficulty in estimating the capital coefficient 
for individual industries remains. 
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The Dynamic Leontief Mod鑞 Reconsidered 
Appendix: T ABLES 
1 Comments and Tables 
In this paper 1 have integrated the J apanese Input-Output Table into 20 sectors. 
Integrated sectors are as follows. 
( 1) Forestry , Fisheries and Agriculture 
( 2) Mining 
( 3 ) Food products 
( 4) Textiles , Lumber , Paper , Printing and other Miscellaneous Goods 
( 5) Chemicals and Petroleum refining 
( 6) Rubber , Plastic Products , Leather and other Manufacturing 
( 7) Ceramics , Stone and Clay products 
( 8 ) Iron and Steel manufacturing 
( 9 ) N onferrous metal 
(10) General metalworking 
(11) General machines 
(12) Electic apparatus 
(13) Automobile and transportation machines 
(14) Precision machinery 
(15) Engineering and Construction 
(16) Electricity , Gas and Water supplies 
(17) Wholesales and Retail trade 
(18) Financing , Insurance and Real Estate 
(19) Transportation and Communications 
(20) Public and Private Services. 
Source: Input-Output Table for 1985 of Japan , Management and Coordination Agency 
Government 01 ]i.ゆα札






































































































































































































































































































The Dynamic Leontief Model Reconsidered 
TABLE 2: THE AMOUNT OF FIXED CAPITAL FORMATION OF 20 SECTORS FOR 1985 
billion yen 
fixed capital formation matrix 
sector 
to 2 3 4 6 7 8 9 10 
from 
197 。 。 。 。 。 。 。 。 。
4 75 15 19 10 13 3 1 6 17 
6 。 。 。 。 。 。 。 。 。 。
9 。 。 。 。 。 。 。 。 。 。
10 。 4 9 3 。 3 
1 741 57 525 800 589 1. 039 267 319 142 180 
12 40 5 73 177 172 93 37 227 37 51 
13 269 21 29 67 26 50 3 2 7 27 
14 。 9 19 98 12 1 25 10 4 
15 2. 555 30 321 468 378 325 132 346 117 236 
17 364 20 113 185 115 185 56 115 36 61 
19 14 8 13 10 14 4 7 3 4 
sector 
to 1 12 13 14 15 16 17 18 19 20 
from 
。 。 。 。 。 。 。 。 。 46 
4 10 18 1 2 1 181 152 24 627 
。 。 。 。 。 。 6 。 171 494 
9 。 。 。 。 。 283 。 。 。 。
10 4 3 3 34 18 95 29 9 126 
1 617 548 1. 488 94 639 757 710 126 219 1. 132 
12 652 1. 343 232 83 226 926 802 502 1. 208 3. 152 
13 33 33 34 15 175 15 363 30 2. 546 1. 371 
14 26 46 34 67 20 43 80 3 511 
15 286 680 439 31 285 2.839 2.017 6.834 4.852 27.531 
17 242 323 324 46 223 209 420 155 566 1. 481 
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FIGURE 1 GROWTHPA TH OF EACH SECTOR IN CASE (2) 
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FIGURE 2-a CASE (1) 
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The Dynamic Leontief Model Reconsidered 
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FIGURE 2-b CASE (2) 
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FIGURE 3-b GROWTH PATH FOR JAPANESE ECONOMY 
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FIGURE 4-c EFFECT OF 町CREASES IN FINAL DEMAND 
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FIGURE 4-d EFFECT OF INCREASES IN FINAL DEMAND 
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FIGURE 5 TURN PATHS FOR SELECTED INDUSTRIES 
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